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INTRODUCTION
Collapse of clouds of bubbles near boundaries occur in various engineering applications such as in ultrasonic surgery [1, 2] , cavitating jets [3, 4] , unsteady sheet cavities on propeller blades [4] [5] [6] , etc. Numerical modeling of this problem is challenging, since it involves bubble-bubble, bubble-flow, and bubble-wall interactions.
In addition, the problem involves multi-scale physics ranging from micron-scale individual bubbles to meter-scale flow field (e.g., propeller blade). At the scale of the cloud, the interaction can be very rich since the bubbles can act in a concerted fashion collectively [7] [8] [9] [10] [11] .
The Boundary Element Method (BEM) or Direct Numerical Simulation (DNS) which can resolve the behavior of individual bubbles provide details at several scales of interest with impressive progress reported [e.g. [11] [12] [13] [14] . However, due to their computational cost, these methods are mostly limited to small scale problems addressed for fundamental study purposes, such as developing subgrid relationships for larger scale models. For practical applications, two-phase bubbly flows are usually modeled using one of several approaches: equivalent homogeneous continuum models, Eulerian two-fluid models, or Eulerian-Lagrangian approaches wherein the bubbles are treated as discrete particles. Homogeneous models are useful for low void fractions, whereas Eulerian-Lagrangian approaches are more appropriate for higher void fractions [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In particular, the recent work by Raju et al. [27] examined a continuum homogeneous model [28] , an Eulerian multi-component model [29, 30] , and an Eulerian-propagation in bubbly media [27, 31, 32, 33] , etc. In particular, the recent work of Raju et al. [27] systematically used the same governing equations as in this study for the mixture and the discrete bubbles and studied the effects of the two-way coupling, and compared against other methods. Below we provide a summary of the key features of the model.
Two-Phase Flow Model Governing Equations

Continuum Homogeneous Mixture Flow Model
Following the theoretical work on dilute bubbly flows of van Wijngaarden [41, 42] , Commander & Prosperetti [43] and Brennen [44] , etc., the overall liquid-gas mixture is treated as a continuum homogeneous mixture with its properties varying in space and time with the local volume fraction of the gas in the mixture [7, 21, 27, 39, [41] [42] [43] [44] . The mixture density is defined as,
where the subscripts 'l' and 'g' represent liquid and gas properties respectively while  is the gas volume fraction.
The unsteady Navier-Stokes equations for the homogeneous liquid-gas mixture are as follows: 
where p is the mixture pressure [41, 42] , m  is the mixture density, u its velocity, and τ the stress tensor. The mixture viscosity in τ is determined in the same way as in Equation (1) . Other methods of obtaining the effective viscosity of the mixture have been used in the literature and are discussed in [43] . Here we select the simplified classical formulation of Equation (1).
We underline here that Equations (2) are written for the mixture and not for the liquid. A different formulation is available in the literature, e.g. Ferrante & Elghobashi [46] , Darmana et al. [47] and Shams et al. [48] , and applies the Navier Stokes equations to the liquid (not the mixture) and, as a result, requires an additional momentum exchange term. Here, a separate computation of the bubble motion and of the drag force is conducted.
Bubble Motion and Volume Change
All bubbles in the two-phase mixture are tracked and both their positions and sizes are determined as functions of time. The equivalent spherical bubble radius, R(t) of each bubbles in the two-phase mixture is obtained using a modified Rayleigh-Plesset-Keller-
In the above, m c is the local sound speed in the mixture where the bubble is located, [49, 50] is used to determine the encountered liquid quantities (subscript enc). P enc and u enc are the encountered pressures and velocities in the liquid averaged over the bubble surface. This averaging procedure is to account for non-uniform pressures and velocities along the bubble surface. The use of P enc results in a major improvement over classical models, which use the pressure at the bubble center [49, 50] .
The bubble trajectory is obtained using the following equation of bubble motion in the liquid flow [27, 38, 51] :
where C L is the bubble lift coefficient [52] , ω is the local vorticity, and C D is the bubble drag coefficient [53] defined as a function of the bubble Reynolds number R eb using: 
Coupling between Continuum Mixture and Bubble Models  The mixture flow field has an evolving space distribution of the mixture density and satisfies overall mass and momentum conservation.
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where c  is an artificial compressibility factor and  is the pseudo-time. This is used to better couple continuity and momentum equations during the solution and to ensure through iteration satisfaction of a divergence free velocity field for a pure liquid condition (incompressible liquid). c  is selected to obtain converged solutions with a good convergence speed. In this study, we have selected c  = 100 for all the simulation cases.
To obtain a time-dependent solution, a Newton iterative procedure where pseudotime stepping in  is used at each physical time step t, enables one to satisfy the For the Lagrangian bubble model, the bubble motion and its volume variation are obtained by integrating Equations (4) and (5) Submitted to ASME J. Fluids Eng.
FE-14-1128
Ma 13 October 2014 Page 10 where d ij is the distance between bubble j and cell i, and R s is the characteristic spreading radius (corresponding to the standard deviation in the Gaussian function).
Since the value of Gaussian function drops to almost zero at four times the standard deviation, the actual spreading radius of the bubble volume contribution is 4 R s.
PROBLEM SETUP
As illustrated in Fig. 2 a cloud of bubbles with an overall initial radius, A 0 , driven by a pressure wave, P(t), is simulated. The cloud is composed of small bubbles with the same initial radii, r b0 . We assume that these bubbles are randomly distributed in a 3D spherical domain of radius A 0 , resulting in a quasi-uniform initial void fraction distribution, α 0 , within the cloud. Similar configurations were used in the past for studying the dynamics of spherical bubble clouds/clusters [4, 8, 11, 21] under various conditions. Specifically, in this paper, we consider a cloud of bubbles with r b0 = 50 μm, Submitted to ASME J. Fluids Eng.
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A 0 = 1.5 mm and α 0 = 5.0 %, which is a typical configuration in cavitation erosion problems [4] . Gravity is ignored here for the sake of simplicity.
As illustrated in the recent work of Chahine et al. [54] , the tuning between the cloud characteristic frequency and the pressure field frequency is essential to generating very high cavitation impulsive loads. When the frequency of the driving pressure wave matches the natural frequency of a bubble cloud, a strong collective behaviour occurs and creates extremely high pressures with peak values orders of magnitudes higher than the imposed excitation pressure. This, however, is not seen when these two frequencies do not match. Motivated by this, we consider the behavior of the bubble cloud when the surrounding pressure is forced to oscillate between 0.5 atm and 2 atm. 
where .max amb P = 2 atm is the maximal value of the imposed pressure and  = 0.728 N/m 2 is the surface tension. As summarized below in Table 1 , we show below results for a frequency of 100 kHz (Case 1) and 10 kHz (Case 2), respectively. That is to say, the driving pressure frequency in Case 2 matches the cloud frequency while that in Case 1
does not. Note, in these two cases, the bubble clouds are considered in an infinite open Submitted to ASME J. Fluids Eng.
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Ma 13 October 2014 Page 12 domain and no wall is in presence. In Case 3, the presence of the wall right at the bottom edge of the cloud (i.e., X = -A 0 ) is considered.
We discuss below the results for the three simulation cases. The comparative discussion between Cases 1 and 2 is mainly to study the effects of the frequency of the driving pressure, while that between Cases 2 and 3 is to quantify the effects of the presence of the wall.
Simulation Results & Discussion
Cloud and Bubble Dynamics Fig. 4 . It is seen that overall, in all cases, the bubbles in the cloud grow and collapse in a similar way response to the driving pressure. However, the cloud behavior is very different and strongly dependent on the driving pressure frequency. When the frequency of the driving pressure wave does not match the natural frequency of the cloud (Fig. 3a) , the bubbles only respond weakly by oscillating with small amplitudes. On the contrary, when the two frequencies match, the bubbles grow and collapse very violently, as evidenced by the changes of both the bubble sizes and the internal gas pressures seen in Fig. 3b and Fig. 3c . As a result, the total gas volume, i.e., the sum of the volumes of all bubbles, experiences significantly different temporal variations as shown in Fig. 4 . The maximum gas volume in the case where no resonance occurs is about half that of the latter two cases, while its minimum is about double. In other words, the total gas volume sees an excursion in value that is about four times larger when the frequency of the driving pressure matches the cloud natural frequency. On the other hand, the cloud size, i.e., size of the region where the bubbles are located, does not vary much between all three cases. This is shown in Fig. 5 , where the cloud radius changes during the first cycle by about 2% in Case 1 and by about 5% in Case 2 and Case 3.
It seems that, in terms of cloud volume variation, wall effects are similar to those of a single bubble near a wall. The cloud period is increased by the presence of the wall and the maximum volume is slightly reduced, as shown in Fig. 4 and Fig. 5 . On the other hand, as seen when comparing Fig. 3b and Fig. 3c the presence of a rigid wall dramatically alters the order in which bubbles collapse and the amplitude of the translation motion of the bubbles. Without a wall (Case 2), the bubble cloud collapses quasi spherically with the cloud center collapsing last (Fig. 3b) . On the contrary, when the bubble cloud collapses close to the wall (Case 3) a cascading effect is observed with the bubbles farthest from the wall collapsing first and the ones nearest collapsing last (Fig. 3c) . Accordingly, during the collapse the gas pressures inside the bubbles far away from the wall rise up to high values earlier than those close to the wall. This is evidenced by the gas pressure variations shown by the colors in Fig. 3c (with red denoting high
Bubble Size and Pressure Signals
In order to further quantify the cascading character of the collapse of the various bubbles in the cloud, the temporal variations of the radius of bubbles initially located at different positions in the cloud are compared in Fig. 8 for the three cases summarized in Table 1 . The temporal size variations of three selected bubbles, all on the axis of symmetry, i.e., the x axis in above However, the other two cases result in significantly larger pressure peak values.
Especially, the peak created by the cloud collapsing near a wall is about an order of magnitude higher than the amplitude of the driving pressure. This is very interesting and within the expectations based on the above analysis, in particular, from Submitted to ASME J. Fluids Eng.
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Ma 13 October 2014 Page 17 bubbles in the cloud is increasing. This causes the total volume to grow much larger than in Case 1 (see Fig. 4 ). On the other hand, the collapse phase is dramatically shortened, releasing all the energy previously stored into the field. For example, as seen in the bottom plot of Fig. 8 , it takes more than 0.1 ms for the bubble closest to the wall to reach its maximum size but only about 0.01ms to collapse to its minimum size, r bmin .
What is also interesting is that the collapse of this bubble almost catches up with the bubbles starting their collapses much earlier, i.e., all reaching r bmin almost simultaneously. This increases significantly the amplitude of the pressures generated. This difference could result from the fact that in Case 2 the collapse pressure wave
propagates in all directions, however, in Case 3 propagation is limited by and accumulates on the wall. Another alternative explanation is that a dynamic bubble cloud near a rigid wall is equivalent to two identical clouds with a symmetry plane at the same location as the rigid wall. Therefore the pressure at the wall is practically doubled.
Wall Effects and Pressure Impacts on the Wall
The previous sections have mainly illustrated the differences between the three test cases considered here and summarized in Table 1 . As one of the major motivations of the current study is to investigate the dynamics of bubble clouds near boundaries, we will mainly focus in this section on Case 3 and analyze it further. Submitted to ASME J. Fluids Eng.
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In the previous section, we have seen from Fig. 8 that the bubbles farthest from the wall start their collapse first and the ones nearest start their collapse last due to the presence of the wall. This is made further clear in Fig. 10 , which plots the bubble size variations at seven locations along the axis of symmetry. Fig. 11 shows the temporal variations of the axial velocity (x-component) for the seven bubbles on the axis of symmetry. The figure demonstrates well the jetting phenomenon already seen previously in Fig. 3c and Fig. 7 . From Fig. 11 , it is seen that during the growth phase the bubbles move away from the wall with small velocities of magnitudes about 1 m/s. However, during the collapse, the bubbles return very fast towards the wall with the center bubble having the largest maximum translation velocity of about 10 m/s. The speed then quickly slows down and reverses direction (upwards, away from the wall) during the cloud gas volume rebound due to the presence of the wall. One important observation is that the translation velocities of the bubbles while moving towards the wall are much larger than during the rebound. For instance, as seen in Fig. 11 , the velocity of the center bubble is around 10 m/s when it moves towards the wall, however, it is reduced to about 1 m/s when it rebounds. This indicates that in addition to the potential energy released from the bubble collapses kinetic energy is created by the jet type flow in the cloud. These combined effects thus result in pressure peaks an order of magnitude higher than that of the imposed pressure. Fig. 12 shows the pressures measured on the wall at different radial distances from the axis. It is seen that the highest pressure at the wall is on the axis of symmetry. Table 1 . Submitted to ASME J. Fluids Eng. Submitted to ASME J. Fluids Eng. Submitted to ASME J. Fluids Eng.
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